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Moffatt vortices: Concerns and Finiteness
Jiten C. Kalita, Sougata Biswas and Swapnendu Panda
Abstract. Till date, the sequence of vortices present in the solid cor-
ners of steady internal viscous incompressible flows, widely known as
Moffatt vortices was thought to be infinite. However, the already exist-
ing and most recent geometric theories on incompressible viscous flows
that express vortical structures in terms of critical points in bounded
domains, indicate a strong opposition to this notion of infiniteness. In
this study, we endeavor to bridge the gap between the two opposing
stream of thoughts by addressing what might have gone wrong and pin-
point the shortcomings on the assumptions of the existing theorems on
Moffatt vortices. We provide our own set of proofs for establishing the
finiteness of the sequence of Moffatt vortices by making use of the con-
tinuum hypothesis and Kolmogorov scale, which guarantee a non zero
scale for the smallest vortex structure possible in incompressible vis-
cous flows. We point out that the notion of infiniteness resulting from
discrete self-similarity of the vortex structures is not physically feasi-
ble. The centers of these vortices have been quantified by us as fixed
points through Brouwer fixed-point theorem and boundary of a vortex
as circle cell. With the aid of these new developments and making use of
some existing theorems in topology along with some elementary concept
of mathematical analysis, we provide several approaches to delve into
this issue. All these approaches converge to the same conclusion that
the sequence of Moffatt vortices cannot be infinite; in fact it is at most
finite.
Mathematics Subject Classification (2010). Primary 76D17; Secondary
37N10.
Keywords.Moffatt vortices, finiteness, critical points, Kolmogorov length
scale, diametric disk.
1. Introduction
Terms like incompressible, inviscous, inviscid, impermeable etc. have assim-
ilated into the vocabulary of fluid mechanics quite naturally over the years
[6, 64]. The usage of these words seem to be very casual in the context of
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the desired precision or accuracy in the field of Mathematics and Physics,
yet one has hardly seen any resistance from the scientific community over
the usage of such words. This is probably because of the fact that all these
words have certain quantification. For example, although no flow in the real
world is incompressible, this word has wide acceptability amongst the fluid
dynamics community for fluid flows that remain within a Mac number limit
of 0.3 [6, 46]. However, it is highly questionable whether one can apply the
word infinite in the same vein to mean a large number of vortices present in
a fluid flow without actually quantifying it, which of course is an extremely
difficult task.
In the study of fluid flow, vortices are very important structures as they
play a big role in controlling the dynamics of a flow [5]. Though they are
known to occur in the vicinity of solid walls where the flow separation takes
place, scientists have always been keener on probing the nature of vortices
at the corners of solid structures. The existence of a sequence of vortices
at the corner of solid structure for internal flows with decreasing size and
rapidly decreasing intensity has been indicated by several physical experi-
ments and mathematical asymptotics [42, 43, 44, 45, 61]. Their formation,
evolution and progression on different geometrical and physical set up have
always generated a lot of interest both amongst fluid dynamicists as well as
mathematicians.
Study on the existence of these vortices dates back to the pioneering
work of Dean & Montagnon [12] which was later consolidated by Moffatt
[42, 43]. The flow near a sharp corner between two bounding planes was
considered and a solution of the purely biharmonic equation for creeping
flows [49] was sought in terms of some exponential power Λ of the distance
r˜ from the corner. He found this Λ to be a complex number when the angle
between the two planes is less than about 146◦, implying infinite oscillations
and hence concluded that there exists an infinite sequence of counter-rotating
eddies as one approaches the corner. From then onwards, the occurrence
of such corner vortices, named aptly as “Moffatt vortices” has always been
synonymous with the existence of an infinite sequence, albeit without any
rigorous mathematical proof.
In 1976, Collins & Dennis [11] computed the flow of a slow viscous fluid
in a curved tube having a cross-section in the shape of a right-angled isosceles
triangle. They observed vortices of Moffatt’s type firstly in the secondary flow
in the 45◦ corners and then in the 90◦ corner. By refining the grid size of
the computational domain and making use of extrapolation technique, they
were able to trace thirteen vortices in the 45◦ corner and six pairs of vortices
in the 90◦ corner. In 1979, Taneda [61] tried to establish the existence of
these vortices experimentally in a V-notch. However, the visualization of such
vortices revealed the existence of only a few of them in the corner. This was
followed by several theoretical and numerical experiments [21, 24, 34, 39, 44,
45, 48, 52] on vortices around a corner in solid structures.
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Of late, there has been a surge of theoretical and numerical studies on
corner vortices [7, 14, 22, 23, 28, 31, 32, 38, 56, 57, 59] for slow viscous flows on
different geometries. In 1993, Anderson & Davis [2] presented a local picture
of steady, two-dimensional (2D) viscous flow of two fluids in a wedge. They
figured out the geometries for which wedge angle solutions exist, and also
identified conditions under which Moffatt vortices may appear in the flow.
During 1998-2000, Shankar and Deshpande [57], and Deshpande and Milton
[14] studied their existence in the 2D lid driven cavity flow. In 2004, Biswas
et al. [7] investigated laminar backward-facing step flow for a wide range
of Reynolds number and based on the theory of Moffatt [42, 43], concluded
that an infinite sequence of closed eddies with decreasing size and strength
is expected for Re → 0. It is worth mentioning that although the study
of Moffatt vortices mainly pertains to Stokes flow, the sequence of corner
vortices in decreasing size and intensity can be found for moderately high
Reynolds number flows as well. This is well documented in the enormous
amount of numerical and experimental studies being carried on the lid-driven
cavity flows [1, 8, 14, 30, 55, 57, 58, 60].
In 2005, Malhotra et al. [37] reviewed the Moffatt problem [42] and es-
tablished the existence of Moffatt vortices for the Stokes flow bounded by
two concentric coaxial cones with a common vertex through eigenvalue anal-
ysis and described the asymptotic distribution of eigenvalues for both even
and odd flow structures. In the same year, Malyuga [38] considered Stokes
flow in a circular cone driven by a non-zero velocity applied to the bound-
ary within the ring which are represented in the form of Fourier series. He
obtained the transcendental equation for the eigenvalues, which determines
the asymptotic behavior of the flow in the neighborhood of the vertex, ar-
riving at a conclusion similar to that drawn by Moffatt [42, 43]. In 2014,
Kirkinis & Davis [28], by using a hydrodynamic theory of liquid slippage on
a solid substrate concluded that an infinite sequence of vortices is formed in
a moving liquid wedge of certain angle between a gas-liquid interface and a
rigid boundary. Other recent studies in this direction worth mentioning are
[23, 31, 32, 56, 59].
All the existing geometrical theories on incompressible viscous flows
(Bakker [4], De´lery [13], Ma & Wang [36], Hirschel [25], Wu et al. [65]) based
on the concept of dynamical system [50] express vortical structures in terms
of critical points in bounded domains. They again indicate a strong oppo-
sition to the notion of infiniteness. The presence of a sequence of vortices
at the corner of decreasing size and intensity has already been emphatically
established by laboratory and numerical experiments [7, 8, 11, 14, 22, 61].
However, neither any authentic mathematical proof nor any laboratory ex-
periment till date has been able to establish their infiniteness. Despite this,
mathematicians and engineers alike went on producing a large number of
works on the topic of corner vortices propounding their infiniteness, as ev-
idenced by many of the works cited above. Even for the lid-driven cavity
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problem, which over the years has become the most frequently used bench-
mark problem amongst the computational fluid dynamics community and is
an obvious example of internal incompressible viscous flow, claims of infinite
sequence of corner vortices can still be found in the existing literature for this
problem [1, 14, 30, 55, 57, 58, 60].
No one paid much attention to this issue untill Gustafson et al. [20] in
1989 tenderly questioned on the issue of the infiniteness of Moffatt vortices.
They concluded that the computational resources available at that time was
not enough to provide a conclusive answer to this question (more details in
section 2.2). As such the task of establishing the finiteness of the sequence of
such vortices still remained unaccomplished and the question on infiniteness
unanswered. The objective of the current study is to explore a possible miss-
ing link between the contrasting theories of Moffatt vortices [2, 7, 9, 11, 14, 23,
24, 28, 31, 32, 34, 37, 38, 39, 42, 43, 44, 45, 48, 52, 56, 59] and the recent geo-
metrical theories on incompressible viscous flows [4, 13, 17, 25, 27, 36, 47, 65].
We endeavor to bridge the gap between the factions by pinpointing what
could have possibly gone wrong with the assumptions of the existing theories
upon which the conclusion of infiniteness is built.
Right from the time the term Moffatt vortices [42, 43] has been coined,
their study on various geometries has mostly been through the eigenvalue
analysis. To the best of our knowledge the study of Moffatt vortices under
the purview of their topology and critical point theory has never been carried
out before. In the current study, we for the first time, establish some novel
theories on Moffatt vortices including
(i) quantification of centers of these vortices as fixed points (see section 4.5,
lemma 4.19) through Brouwer Fixed-Point Theorem (Theorem 4.2),
(ii) quantification of the largest neighborhood of the fixed point of a particu-
lar vortex as circle cell by extending the idea of circle cell for divergence-
free vector fields of Ma & Wang [36].
Based on the above theories and some recent developments in geometric
theory of incompressible viscous flows [13, 36], and making use of some ele-
mentary mathematical analysis [54], we prove that the sequence of Moffatt
vortices in fluid flows around solid corners is finite. It is worth mentioning that
the same conclusion is reached by tackling the hypothesis through six different
approaches. Note that in all the studies mentioned above, two-dimensional
flows as an idealization of a three-dimensional (3D) one or 3D flows having
symmetry in one direction were considered. As such all the theories developed
by us will be considered over planner regions only.
The paper is arranged in the following manner: Section 2 deals with the
controversies with the issue of the infiniteness of Moffatt vortices, Section 3
pertains to a brief on what might have gone wrong with the theory, Section
4 with preliminaries for proving the finiteness of Moffatt vortices, Section
5 with the proofs on the finiteness of Moffatt vortices and finally Section 6
summarizes the whole work.
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2. The controversies
In this section, we throw some lights on the controversies surrounding the no-
tion of infiniteness. They include the mathematical origin of Moffatt vortices,
certain concerns and questions over the issue which have not been settled till
date.
2.1. The mathematical origin of the infiniteness of Moffatt vortices
The existence of vortices in a flow field is a highly nonlinear phenomena and
most importantly there exist an inherent connection between their occurrence
and the nonlinear nature of Navier-Stokes (N-S) equations [8]. However, the
theoretical studies on Moffatt vortices seek the solution of the biharmonic
form of the steady-state N-S equations for Stokes flow in the streamfunction
ψ as
∇4ψ = 0, (2.1)
which is a linear one. Thus it completely annihilates all the effects of nonlin-
earity.
The solution of (2.1) in polar coordinates (r˜, φ) is assumed to be of the
form ψ = r˜Λf(φ) leading to an equation in f
f ′′′′ +
{
(Λ + 1)2 + (Λ− 1)2
}
f ′′ + (Λ + 1)2(Λ − 1)2f = 0, (2.2)
resulting in a solution of the form [42]
f(φ) = C1 sin(Λ−1)φ+C2 cos(Λ−1)φ+C3 sin(Λ+1)φ+C4 cos(Λ+1)φ. (2.3)
The existence of the infinite sequence of vortices follows from ones ability in
arriving at a solution of the form (2.3). Making use of (2.3), one can find the
transverse component of velocity on the plane φ = 0 as [42]
vφ=0 ∼ γ
1
r˜
(
r˜
r˜0
)p1+1
sin
(
q1ln
r˜
r˜0
+ ǫ˜
)
. (2.4)
The notion of an infinite sequence of vortices near the corner comes from the
above expression by concluding that it changes sign infinitely as r˜ → 0.
Another argument for the existence of the infinite sequence of eddies
near a solid corner comes from the concept of discrete self-similarity. Consider
a flow domain Ω = {(x, y) ∈ R2|x = r˜ cosφ, y = r˜ sinφ, r˜ > 0, |φ| < α}, in
which these vortices are defined in the flow whose streamfunction ψ has the
form
ψ(x, y) = Re
(
r˜Λ{A cosΛφ+B cos(Λ− 2)φ}
)
,
where A, B are some nonzero constants which satisfy
sin 2(Λ− 1)α+ (Λ− 1) sin 2α = 0.
Then, if one considers the scaling
ψΛn(x, y) = Λ
−(Re(Λ−1)+1)
n ψ(Λnx,Λny),
both the domain Ω and streamfunction ψ remain invariant under the ac-
tion of the scaling (x, y) → (Λnx,Λny), where Λn =
2πn
|Im(Λ− 1)|
, n ∈
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N; i.e, ψΛn(x, y) = ψ(x, y). Note that the concept of discrete self-similarity
follows from this notion of invariance.
2.2. The concerns over infiniteness
Probably the earliest concern over the infiniteness of Moffatt vortices was
raised by Gustafson et al. in the year 1989 [20] where they questioned: “Are
any of these entities truly infinite dimensional?”; by these entities, they
meant the corner vortices in the famous lid driven cavity flow. According
to them, what actually had been sought physically or mathematically, was
their existence in a large finite dimensional dynamical system without further
venturing into the metaphysical meaning of infinity. They further mentioned
that though the theory predicts an infinite sequence of vortices at the corner
of the solid structure (in particular they considered the lower two corners
of the driven cavity), it is a linearized one (see equation (2.1)). They had
reservations on how much it depends on the linearizing assumptions and for
what range of Reynolds numbers it continues to hold for the full nonlinear
N-S equations, which are the governing equations for incompressible viscous
flows [20]. True to their concerns, many of the existing and recent theorems
on separation of incompressible viscous flows [4, 13, 27, 36, 25, 65] lean to-
wards the existence of a finite number of vortices in a finite domain including
corners.
In their study of unsteady separation induced by a vortex, Obabko and
Cassel [47] discusses about the viscous-inviscid interaction leading to spike
formation. The presence of a primary vortex induces an adverse pressure gra-
dient along a solid surface and the aforesaid interaction accelerates the spike
formation leading to the formation of secondary vortices. The mechanisms
for the creation of the tertiary, quaternary and the succeeding vortices is the
same [27]. The structural bifurcation theory of Ghil et al. [17], by predicting
the exact location and time of the birth of a vortex clearly establishes that
the birth of the vortices in the sequence in a corner occurs one after another
in succession. The clear implication of all these theories [36] is the following
fact: the birth of two vortices in succession or any two vortices in the same
sequence cannot take place at the same instant of time. This is in direct
contrast with the infiniteness of corner vortices in steady state flow resulting
from the solution of (2.1), which would have taken infinite time to reach the
steady state through time-marching.
All the existing geometrical theories on incompressible viscous flows
(Bakker [4], De´lery [13], Ma & Wang [36], Hirschel [25], Wu et al. [65]) based
on the concept of dynamical system [50] express vortical structures in terms
of critical points in bounded domains. They again indicate a strong opposi-
tion to the notion of infiniteness. Despite this, even for the lid-driven cavity
problem, which over the years has become the most frequently used bench-
mark problem amongst the computational fluid dynamics community and is
an obvious example of internal incompressible viscous flow, claims of infinite
sequence of corner vortices can still be found in the existing literature for this
problem [1, 14, 30, 55, 57, 58, 60].
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It is a well known fact that the formation of the so called infinite se-
quence of vortices in Stokes flow is due to the effect of certain stirring/rotating
force far from the corner [2, 9, 11, 23, 24, 28, 31, 34, 37, 38, 39, 42, 43, 44, 45,
48, 56, 59]. A further undermining into the existing literature reveals a very
vague picture of the extent of the domains over which the flow is considered.
If the source of the force is an infinite distance away from the corner, the
effect of stirring/rotating force will fall down gradually with a proportional
fall in the intensity of the force or the strength of the vortices at their centers
as one moves away from the source. At a certain distance from the source of
the given force, no effect of it will be felt. Thus the process of the formation of
the vortices will be well over much before reaching the corner. On the other
hand the theory of Moffatt vortices considers the existence of the infinite se-
quence vortices in the neighborhood of the corner where r˜ → 0. Thus a source
force at an infinite distance from the corner nullifies the presence of the so
called infinite sequence of vortices at the corner indicated by mathematical
asymptotes.
One of the main source of the infiniteness of the sequence of vortices
is the so called discrete self-similarity of infinite degree of these vortices,
which unfortunately is not physically feasible. For example, natural objects
like fern and cauliflower exhibit self-similarity only under finite degrees of
magnification (upto finite number of stages/steps). Moreover, if this notion
of infinite degree of magnification is to hold true, even in Stokes’ flow, one
must be able to actually accommodate an entire “tail” of eddies-sequence
below the Kolmogorov (see section 2.3.1) length-scale, which is physically
impossible.
2.3. The unanswered questions
Only recently, in 2006, Moffatt and his co-worker Branicki [9] has broached
upon the possibility of the finiteness of these sequence of vortices for certain
cases. Analyzing the time-periodic evolution of Stokes flow near a corner,
they concluded that depending upon the smoothness and angle of the corner,
and on the nature of the forcing, an infinite sequence of corner eddies may be
present if the corner is sharp. On the other hand, if corners are rounded off so
that the boundary is everywhere analytic, it is expected that a finite sequence
of eddies may still form in regions near points of maximum curvature on the
boundary. But the big question here is: Is there a slight transition from a
smooth to a sharp corner good enough to trigger infiniteness to the sequence
of vortices? If so, how does one quantify this sudden jump from finite to
infinite number of vortices and then again, what is this thin line between the
extent of smoothness and sharpness leading to this enormous jump?
Moreover, as mentioned in section 2.1, the concept of Moffatt vortices
comes from the solution of the linearized version of the Navier-Stokes equa-
tions. These equations are derived under the assumption of “Continuum Hy-
pothesis” [6, 64]. According to this hypothesis, even the smallest volume scale
cannot be zero; for example, for air, it is of the order 10−9mm3 containing
approximately 3× 107 molecules under standard conditions.
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Note that an infinite sequence of vortices of decreasing size renders a
size zero to the vortices belonging to the tail of the sequence (see Proof 4
of Theorem 7.1 in section 5). However, this conclusion stems out from the
solution of equation (2.1) which is built under the assumption of continuum
hypothesis requiring a minimum non-zero volume scale. This clearly contra-
dicts the existence of an infinite number of vortices in the corner of solid
structures. The Kolmogorov length scale corroborates this fact.
2.3.1. Kolmogorov (length scale) theory. Stokes flow and turbulent flows are
at the extreme ends of the spectrum of incompressible viscous flow regime
characterised by the Reynolds number. Therefore, the mention of the Kol-
mogorov scale [33, 35, 40, 41, 51] may sound totally irrelevant in the context
of Stokes flow. Juxtaposed to this, this length scale plays an important role
in our analysis. The Kolmogorov theory clearly states that vortices cannot
exist below a certain non-zero length scale [14, 63], since the local value of
power density (ε) would be so high that the kinetic energy would be fully
dissipated as heat.
An estimate for the scales at which the energy is dissipated is based only
on the dissipation rate and viscosity. If the dissipation rate per unit mass (ε)
has dimensions (m2/sec3) and viscosity, ν has dimension (m2/sec) then the
length scale formed from these quantities is given by
η =
(
ν3
ε
)1/4
.
This length scale is called the Kolmogorov length scale [3, 16, 26].
Note that the smallest length scale for incompressible viscous flows oc-
curs in the turbulent regime. Stokes flow, for that matter laminar flows in
the moderate Reynolds number regimes will have vortices having much bigger
scales than those prevalent in turbulent regime. As such, the size of a vortex
under consideration in the current study cannot fall below the Kolmogorov
length scale.
3. The notion of infiniteness: What might have gone wrong?
In the above, we listed the concerns and the related questions in connection
with the infiniteness of Moffatt vortices. In the following, we endeavor to
bridge the gap by addressing what actually went wrong with the notion of
infiniteness and subsequently providing our own set of proofs on the finiteness
of corner vortices. Here we will reflect upon the shortcomings of the assump-
tions of the existing theorems upon which the conclusion of infiniteness of
corner vortices is built. These observations will help us pinpoint where the
existing hypothesis went wrong and pave the way for providing a concrete
mathematical basis that predict the correct physical phenomenon.
The foremost argument provided in favour of the infinite sequence of
vortices stems out from the velocity component (2.4) arising out of equa-
tion (2.1). As discussed in sections 2.1 and 2.3, (2.1) inherently assumes the
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“Continuum Hypothesis”, can this r˜ in the expression
sin
(
log
r˜
r˜0
)
actually tend to zero? Note that the absolute size of the eddies is directly
proportional to the length scale r˜0. For a large r˜0, one may mathematically
let
r˜
r˜0
→ 0 by letting r˜0 → ∞, however, in reality r˜ can never tend to zero.
Moreover on a finite domain, r˜0 is bounded and hence can never tend to ∞.
As such the assumption in [42] that r˜0 is an arbitrary length scale is physically
incorrect. This is where the mathematical exuberance tends to overshadow
physical reality in a conflicting manner; ideally one would desire mathematics
to go hand in hand with physics.
Furthermore, the number of eddies will decrease even more due to
dampening-effect after the collision of the fluid with the wall. This effect
is completely ignored in this context. Note that the notion of infiniteness
comes from the so called infinite oscillations of the sine waves depicting the
streamfunction value as a solution of (2.1). However, on a finite domain, the
number of such waves must be finite and they can be thought as representing
discrete oscillations [10]. The maximum wave length that can be accommo-
dated inside a finite domain is the longest inscribable rectilinear length in the
domain. The measure of the minimum wavelength is equal to twice the mean
free path of the fluid molecules, which is nothing but the average distance
traveled by a moving fluid particle between successive collisions. Thus even
when the vortices reach molecular level, this minimum wavelength cannot be
zero. As such the largest number of vortices having a one to one correspon-
dence with the oscillatory waves must be finite.
4. Preliminaries
In the following, we provide some definitions, theorems and results from the
existing literature on topological fluid dynamics [4, 19, 50, 53] and some of
our own newly developed theories (see section 4.5), which will be used in
appropriate junctures to prove the finiteness of the corner vortices.
4.1. Notations
• R is the set of real numbers.
• N = {1, 2, 3, · · · } is the set of natural numbers.
• V˜ = {q : q ∈ Vi, the i-th vortex in the sequence of Moffatt vortices}.
• M is a planar region.
• On the boundary ∂M of the region M , τˆ denotes the tangential vector
and nˆ the normal vector.
• TpM = {w | w is tangent to M at p}.
• TM = {(p, TpM) | p ∈M} is the tangent bundle of M .
• Assume r ≥ 1 is an integer. Let Cr(TM) be the space of all r-th differ-
entiable vector fields v on M .
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• Crnˆ(TM) = {v ∈ C
r(TM) | v · nˆ = 0 on ∂M}.
• Dr(TM) = {v ∈ Crnˆ(TM) | ∇ · v = 0}.
• Br0(TM) = {v ∈ D
r(TM) | v = 0 on ∂M}.
4.2. Some essential topology
Definition 4.1. A mapping f of an open set U ⊂ Rn into Rm is called smooth
if it has continuous partial derivatives of all orders.
Theorem 4.2. (Brouwer Fixed-Point Theorem [19]): Any smooth map Ψ of
the closed unit ball Bn ⊂ Rn into itself must have a fixed point; that is,
Ψ(x) = x for some x ∈ Bn.
4.3. Geometric theory of viscous incompressible flows
Definition 4.3. [36] A point p ∈ M is called a singular point of v ∈ Crnˆ(TM)
if v(p) = 0.
Definition 4.4. [36] A singular point p of v ∈ Crnˆ(TM) is called non-degenerate
if the Jacobian matrix of v at p, Jv(p) is invertible.
Definition 4.5. [36] A vector field v ∈ Crnˆ(TM) is called regular if all singular
points of v are non-degenerate.
Definition 4.6. [36] An orbit {Φ(x, t)}t∈R is called a closed (periodic) orbit if
there is a time T0 > 0 such that for any t ∈ R, Φ(x, t) = Φ(x, t+ T0).
Lemma 4.7. [36] Let v ∈ Dr(TM)(r ≥ 1). Then each non-degenerate singular
point of v is either a center or a saddle point. A non-degenerate singularity
on the boundary ∂M must be a saddle point.
Theorem 4.8. (Structural Classification Theorem I [36]): Let v ∈ Dr(TM)(r ≥
1) be regular. Then the topological structure of v (flow field in the context of
the current study) consists of a finite number of connected components, which
are of the following types:
(1) circle cells, which are homeomorphic to open disks,
(2) circle bands, which are homeomorphic to open annuli,
(3) ergodic sets, and
(4) saddle connections.
Definition 4.9. [36] Let u ∈ Br0(TM)(r ≥ 2).
(1) A point p ∈ ∂M is called a ∂-regular point of u if
∂uτˆ (p)
∂n
6= 0; otherwise,
p ∈ ∂M is called a ∂-singular point of u.
(2) A ∂-singular point p ∈ ∂M of u is called non-degenerate if
det
[
∂2uτˆ (p)
∂τˆ2
∂2uτˆ (p)
∂τˆ∂nˆ
∂2unˆ(p)
∂τˆ∂nˆ
∂2unˆ(p)
∂nˆ2
]
6= 0
A non-degenerate ∂-singular point of u is also called a ∂-saddle point of
u.
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Lemma 4.10. [36] Each non-degenerate ∂-singular point of u ∈ Br0(TM) is
isolated. Therefore, if all ∂-singular points of u on ∂M are non-degenerate,
then the number of ∂-singular points of u is finite.
Definition 4.11. [36] Let Ω ⊂M be a closed domain. A point p ∈ Ω of v (flow
field) is called Ω-boundary saddle (half-saddle) if there are only three orbits
connecting p in Ω.
4.4. Limit cycle
Definition 4.12. [50] A limit cycle is an isolated closed trajectory. By isolated,
it is meant that neighboring trajectories are not closed; they spiral either to-
ward or away from the limit cycle. If all the neighboring trajectories approach
the limit cycle, we say the limit cycle is stable or attracting. Otherwise the
limit cycle is unstable.
Definition 4.13. [50] Consider the autonomous system
x˙ = f(x) (4.1)
with f(x) ∈ C1(E) where E is an open subset of R2. A point p˜ ∈ E is an
ω-limit point of the trajectory φ(·,x) (which is a function from R to E) of
the system (4.1) if there is a sequence tn → ∞ such that lim
n→∞
φ(tn,x) = p˜.
Similarly, if there is a sequence tn → −∞ such that lim
n→∞
φ(tn,x) = q˜, then
the point q˜ is called an α-limit point of the trajectory φ(·,x).
Definition 4.14. [50] The set of all ω-limit points of a trajectory Γ is called
the ω-limit set of Γ and it is denoted by ω(Γ). The set of all α-limit points
of a trajectory Γ is called the α-limit set of Γ and it is denoted by α(Γ).
Definition 4.15. [50] A limit cycle Γ of a planar system is a closed solution
curve (cycle) of (4.1) which is the α or ω-limit set of some trajectories of
(4.1) other than Γ. If a cycle Γ is the ω-limit set of every trajectory in some
neighborhood of Γ, then Γ is called an ω-limit cycle or stable limit cycle; and
if Γ is the α-limit set of every trajectory in some neighborhood of Γ, then Γ
is called an α-limit cycle or unstable limit cycle.
Theorem 4.16. (Dulac [50]): In any bounded region of the plane, a planar
analytic system (4.1) with f(x) analytic in R2 has at most a finite number of
limit cycles.
Theorem 4.17. (Poincare´ [50]): A planar analytic system (4.1) cannot have
an infinite number of limit cycles which accumulate on a cycle of (4.1).
Theorem 4.18. (The Generalized Poincare´-Bendixson Theorem [50]): Sup-
pose that f(x) ∈ C1(E) where E is an open subset of R2. Then the system
(4.1) has only a finite number of critical points, it follows that ω(Γ) is either a
critical point of (4.1), a period orbit of (4.1), or that ω(Γ) consists of a finite
number of critical points, p˜1, p˜2, · · · p˜m, of (4.1) and a countable number of
limit orbits of (4.1) whose α and ω limit sets belong to {p˜1, p˜2, · · · p˜m}.
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In the following (section 4.5), we provide some of our newly developed
theories on Moffatt vortices which will be utilized for proving our hypothesis
(see section 5) on the finiteness of Moffatt vortices.
4.5. Centers of Moffatt vortices: topological fixed points & its neighborhood
Lemma 4.19. The centers of the members in the sequence of Moffatt vortices
are fixed points.
Proof. Consider the i-th member Vi in the sequence of Moffatt vortices whose
center is at Ci. When the flow reaches steady state, vortices will not deform.
In other words at steady state, if we consider a fluid particle on a specific
streamline then the particle will always move along that specific streamline.
As such, in steady state we can define a map Fi :
◦
V˜i −→
◦
V˜i, where
◦
V˜i is in the
interior of V˜i obtained from Vi by removing only the outermost streamline
and the map Fi defines the rotation of the vortex Vi. Then each streamline
will remain invariant under that function. As Fi is a linear map, so Fi is a
smooth map. Therefore by Brouwer Fixed-Point theorem (Theorem 4.2) with
n = 2, Fi must have a unique fixed point which is nothing but the center of
the vortex Ci. 
Definition 4.20. Let Ci be the center of the i-th vortex Vi in the sequence of
Moffatt vortices. If an open neighborhood O (⊂ V˜ ) of Ci is considered, then
for any x ∈ O(x 6= Ci), the orbit (the path followed by fluid particles around
the center Ci) {Φ(x, t)}t∈R is closed (periodic). The largest such neighborhood
O of Ci is defined as the Circle Cell of the vortex Vi.
5. Proof of finiteness of Moffatt vortices
In incompressible viscous flows, all equations governing the flows are valid
only under the assumption of continuum hypothesis. According to this hy-
pothesis, the smallest volume scale under consideration is non zero. Besides,
the Kolmogorov theory [63] asserts that eddies below a certain size cannot
be formed. These facts clearly lean towards the existence of a finite sequence
of vortices in the corner. In the following, we prove the same with concepts
developed in section 4 through multiple approaches.
Theorem 5.1. Suppose Ω is a closed subset of R2 representing an enclosed
domain bounded by solid walls (or combination of solid walls and free sur-
faces). Then for a steady incompressible viscous flow, for every point p on the
boundary including corners, any neighborhood of p contains at most a finite
number of vortices.
Proof 1: We established that centers of Moffatt vortices are nothing but fixed
points (referred as singular points or critical points) in Section 4.5. By
Theorem 4.18, any non-linear dynamical system can have only finite
number of singular points. If we consider a neighborhood in the cor-
ner of the solid structure then the neighborhood contains finitely many
singular points. So number of vortices cannot be infinite.
Moffatt vortices: Concerns and Finiteness 13
Proof 2: We have already defined the largest neighborhood of the center of a
vortex as a circle cell. By Structural Classification Theorem I (Theorem
4.8), the number of circle cells must be finite. Since only one circle cell
is uniquely connected with one vortex in the flow field, the number of
vortices in the corner must be finite.
Proof 3: In the flow domain, flow separation (reattachment) is connected with
Half-saddle points (boundary-saddle points) and separation is the mech-
anism paving the way for the formation of a new vortex. By Lemma 4.10,
the number of separation points is finite in the flow domain. Therefore,
the number of vortices is finite in the flow domain.
Proof 4: Let V = (V1, V2, · · · ) be the sequence of vortices in the corner and the
size of the ith vortex be S(Vi) which is defined as the distance of the
center of the ith vortex from the corner. In the sequence of vortices, any
two consecutive vortices maintain a fixed ratio in size R = S(Vi+1) :
S(Vi) where R < 1 [8, 11, 42, 43]. Consider the sequence (Xn)n∈N,
where Xn = S(V1)R
n−1 represents the size of the n-th vortex. Since,
R < 1 therefore, Xn → 0 as n → ∞. From the definition of the limit
of a sequence from elementary analysis [54], we obtain for every ǫ > 0,
∃ n0 ∈ N such that |Xn| < ǫ for all n ≥ n0. In other words, given any
such positive ǫ, the vortices in a “tail of the sequence” (all the members
after a fixed index, n0 here) will lie within a distance of ǫ from the
corner.
From Kolmogorov length scale (section 2.3.1), if we choose ǫ = η
then there exist an index Nη ∈ N such that |Xn| < η for all n ≥ Nη.
Consequently, the number of vortices can never exceed Nη, which is a
finite quantity as in order to have the number of vortices more than Nη
, we must have vortices violating the Kolmogorov length scale, which is
impossible.
Lemma 5.2. Let us define the diameter of a vortex V by
d = diam(V ) := min
x∈∂V˜
{2‖C − x‖2 : C is the center of the vortex V }.
This d is always a finite positive real number.
Proof. Note that ∂V˜ 6= φ and C does not belong to ∂V˜ . Therefore the set
{2‖C − x‖2 : x ∈ ∂V˜ } is non-empty. Further the set is bounded below as
‖C−x‖2 > 0 for all x ∈ ∂V˜ . Since ∂V˜ being a simple closed curve is a closed
set, therefore ∃ x0 ∈ ∂V˜ such that
‖C − x0‖2 = inf
x∈∂V˜
{‖C − x‖2 : C is the center of the vortex V }
= min
x∈∂V˜
{‖C − x‖2 : C is the center of the vortex V } > 0.
Letting d = 2‖C−x0‖2 clearly asserts that it is a finite positive real number.
This completes the proof of the lemma. 
Proof 5: We define diameter, d of a vortex as the diameter of the largest disk
which can be inscribed inside the vortex such that the center of the
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disk coincides with the center of the vortex. We term such a disk as
the diametric disk. Refer to figure 1 for a schematic of this situation.
(Note that the the sequence of disks in this figure are actually inscribed
inside the boundaries of the sequence of vortices obtained from our own
simulation of the flow in a 2D triangular lid-driven cavity for a creeping
flow corresponding to Re = 1.)
Figure 1. The diametric disks inscribed inside the vortices.
The color code used here follows the alternate directions of
flow inside successive vortices.
The above lemma clearly asserts the existence of such a length
scale. Furthermore the diametric disks corresponding to a sequence of
vortices are mutually disjoint as otherwise any two intersecting dia-
metric disks will result in overlapping of two distinct vortices which
is physically impossible. Now the sequence of diameters, (dn)n∈N cor-
responding to the sequence of vortices is monotonically decreasing in
nature and bounded below as they are positive quantity. So this se-
quence is convergent and it converges to a non-negative real number,
say β.
Case-I: when β 6= 0, then the total length required to accommodate
all those vortices in the flow domain is greater or equal to
∑
n∈N dn.
If the sequence of vortices is infinite and we replace dn by β (limiting
diameter) in the summation, we have
∑
n∈N dn >
∑
n∈N β =∞. This is
impossible, as size of the fluid flow domain is finite. Therefore number
of vortices in the flow domain cannot be infinite if β 6= 0.
Case-II: When β = 0, then in order to have infinite number of vortices
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in the flow domain, the diameter of the extreme smallest vortex has
to drop below the Kolmogorov length scale (see section 2.3.1), η (> 0)
, feasible length scale to measure fluid vortices. Now as dn → 0, this
implies ∃ nη ∈ N such that |dn| < η for all n ≥ nη. Consequently, we
can never have a vortex with diameter dn for any n ≥ nη. Therefore,
the maximum possible number of vortices becomes less than nη, which
is finite.
Therefore, the number of vortices in the flow domain must be finite.
Proof 6: This proof is based on the concept of limit cycles. In order to have a clear
understanding of limit cycles present in incompressible viscous flows,
we exhibit certain results from our own simulation of the 3D lid-driven
cavity flow. In 3D flows, vortices are formed swirling around a three
dimensional space curve known as the vortical coreline. Such a scenario
can be seen from figure 2 where we present the vortical structure around
the vortical coreline from our own simulation of the flow for Re = 1000.
Y
Z
X
Figure 2. Streamlines at the plane of symmetry for the 3D
lid-driven cavity flow at Re = 1000. One can actually see the
vortical structures swirl around the vortical corelines in the
figure.
The trace of limit cycles formed by the streamlines can be found in the
normal plane in the context of Frenet trihendron [15, 62] formed by
the vectors tˆ, nˆ and bˆ as shown in figure 3, which is nothing but the
plane spanned by the vectors nˆ and bˆ. Note that tˆ is the tangent vector
to the vortical coreline at the point at which the Frenet trihendron is
considered. As has been mentioned earlier, 2D flows in confined domains
are in fact idealizations of 3D flows; for example, the flow in the plane
of symmetry (cross-flow plane) for the 3D lid-driven cavity.
The projection of the streamlines of the normal plane over the
cross-flow plane are topologically equivalent (as projection map from
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>
t
b >
n
>
limiting cycle
Normal plane
Vortical coreline
Figure 3. Schematic of limit cycle in the normal plane.
plane to plane is a homeomorphism). Therefore limit cycles must be
present in the cross-flow plane as well. Note that these limit cycles cor-
respond to the vortices with centers at the coreline for planner flows in
2D. We present two such limit cycles in the cross-flow plane correspond-
ing to the primary vortex and the secondary vortex at the bottom right
corner depicted by dark-black closed curves in figures 4(a) and 4(b)
respectively.
(a) (b)
Figure 4. Limit cycles (stable) in the lid-driven cavity flow
for Re = 1000 in the cross-flow plane: (a) Primary vortex (b)
secondary corner vortex.
In 3D flows, all the vortices correspond to stable limit cycles orig-
inating in foci while in 2D flows, they are simply centers (in dynamical
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sense) with the streamlines encircling the vortex centers. Thus each
limit cycle gives rise to a vortex in the flow field. Therefore by theorems
(4.16), (4.17) and (4.18) we conclude that number of vortices in the flow
field must be finite.
6. Conclusion
In existing literature, the occurrence of Moffatt vortices has always been
synonymous with the existence of an infinite sequence. Despite the continuum
hypothesis providing the base for the governing equations for incompressible
viscous flows and the concept of Kolmogorov length scale in vogue, the issue
of the finiteness of such sequence has continued to remain unattended. In an
effort towards addressing this issue, firstly we have listed the concerns and
the pertinent questions on the notion of infiniteness of such sequences and
pinpointed where the assumptions of the existing hypothesis could have gone
wrong. Next, we have provided a concrete mathematical basis for predicting
the correct physical phenomenon. In order to do so, we have quantified the
centers of vortices as fixed points through Brouwer fixed point theorem and
further defined boundary of a vortex as a circle cell. With the aid of our
newly developed theories and some existing ones, and clubbing them with
elementary mathematical analysis, we proved that the number of vortices
in solid corners in a bounded domain cannot be infinite. We arrived at the
same conclusion by analyzing the hypothesis through six different approaches.
Thus the sequence of Moffatt vortices in fluid flows around solid corners must
be finite. Our observations are consistent with the recent developments of
geometric theories of incompressible viscous flows.
References
[1] S. Albensoeder and H. C. Kuhlmann. Accurate three-dimensional lid-driven
cavity flow. Journal of Computational Physics, 2005; 206: 536-558.
[2] D. M. Anderson and S. H. Davis. Two-fluid viscous flow in a corner. Journal
of Fluid Mechanics, 1993; 18: 1-31.
[3] B. Andersson, R. Andersson, L. Hakansson, M. Mortensen, R. Sudiyo and
B.V. Wachem. Computational Fluid Dynamics for Engineers. Cambridge Uni-
versity Press, New York, 2012.
[4] P. G. Bakker. Bifurcations in Flow Patterns. PhD thesis, Technical University
of Delft, Netherlands , 1989.
[5] D. C. Banks and B. A. Singer, Vortex tubes in turbulent flows: Identification,
representation, reconstruction. In Proceedings of the conference of Visualiza-
tion, IEEE Computer Society Press, 1994: 132-139.
[6] G. K. Batchelor. An Introduction to Fluid Dynamics. Cambridge University
Press, Cambridge, 1993.
[7] G. Biswas, M. Breuer and F. Drust. Backward-facing step flows for various
expansion ratios at low and moderate Reynolds numbers. Journal of Fluids
Engineering, 2004; 126: 362-374.
18 Jiten C. Kalita, Sougata Biswas and Swapnendu Panda
[8] S. Biswas and J. C. Kalita. Moffatt vortices in the Lid-driven cavity flow.
Journal of Physics: Conference Series, 2016; 759: 012081.
[9] M. Branicki and H. K. Moffatt. Evolving eddy structures in oscillatory Stokes
flows in domains with sharp corners. Journal of Fluid Mechanics, 2006; 551:
63-92.
[10] F. P. Bretherton. Resonant interactions between waves. The case of discrete
oscillations. Journal of Fluid Mechanics, 1964; 20 (3): 457-479.
[11] W. M. Collins and S. C. R. Dennis. Viscous eddies near a 90◦ and a 45◦
corner in flow through a curved tube of triangular cross-section. Journal of
Fluid Mechanics, 1976; 76: 417-432.
[12] W. R. Dean and P. E. Montagnon. On the steady motion of viscous liquid in
a corner. Mathematical Proceedings of the Cambridge Philosophical Society,
1949; 45(3): 389-395.
[13] J. De´lery. Three-dimensional separated flow topology. ISTE Ltd and John
Wiley and Sons, Inc., London, Hoboken, 2013.
[14] M. D. Deshpande and S. G. Milton. Kolmogorov scales in a driven cavity flow.
Fluid Dynamics Research, 1998; 22: 359-381.
[15] M. P. Do Carmo. Differential Geometry of Curves and Surfaces. Prentice-Hall,
Inc.,Englewood Cliffs, New Jersey, 1976.
[16] U. Frisch. Turbulence: The legacy of A. N. Kolmogorov. Cambridge University
Press, New York, 1995.
[17] M. Ghil, J.-G. Liu, C. Wang and S. Wang, Boundary-layer separation and
adverse pressure gradient for 2-D viscous incompressible flow. Physica D, 2004;
197: 149-173.
[18] R. Glowinski, G. Guidoboni and T.-W. Pan. Wall-driven incompressible vis-
cous flow in a two-dimensional semi-circular cavity. Journal of Computational
Physics, 2006; 216: 76-91.
[19] V. Guillemin and A. Pollack. Differential Topology. Prentice-Hall, Inc., En-
glewood Cliffs, New Jersey, 1974.
[20] K. Gustafson, K. Halasi and R. Leben. Controversies concerning finite/infinite
sequences of fluid corner vortices. Contemporary Mathematics, American
Mathematical Society, 1989; 99: 351-357.
[21] K. Gustafson and R. Leben. Mutigrid calculations of subvortices. Applied
Mathematics and Computation, 1986; 19: 89-102.
[22] K. Gustafson and R. Leben. Vortex subdomains. 1st International Symposium
on Domain Decomposition methods for Partial Differential Equations, Paris,
France, 7-9 January, 1987.
[23] O. Hall, C. P. Hills and A. D. Gilbert. Slow flow between concentric cones.
Quarterly Journal of Mechanics and Applied Mathematics, 2007; 60(1): 27-48.
[24] M. Hellou and M. Coutanceau. Cellular Stokes flow induced by rotation of a
cylinder in a closed channel. Journal of Fluid Mechanics, 1992; 236: 557-577.
[25] E. H. Hirschel, J. Cousteix and W. Kordulla, Three-dimensional attached
viscous flow, Springer-Verlag, Berlin, Heidelberg, 2014.
[26] J. Jime´nez. The contributions of A. N. Kolmogorov to the theory of turbu-
lence. Arbor CLXXVIII, 2004; 178(704) : 589-606.
Moffatt vortices: Concerns and Finiteness 19
[27] J. C. Kalita and S. Sen. Unsteady separation leading to secondary and ter-
tiary vortex dynamics: the sub-α- and sub-β-phenomena. Journal of Fluid
Mechanics, 2013; 730: 19-51.
[28] E. Kirkinis and S. H. Davis. Moffatt vortices induced by the motion of a
contact line. Journal of Fluid Mechanics, 2014; 746: R3.
[29] A. N. Kolmogorov. The local structure of turbulence in incompressible viscous
fluid for very large Reynolds numbers. C. R. Acad. Sci. URSS, 1941; 30: 301-
305.
[30] J. R. Koseff and R. L. Street. On End Wall Effects in a Lid-Driven Cavity
Flow. Journal of Fluids Engineering, 1984; 106 (4): 385-389.
[31] T. S. Krasnopolskaya. Two-dimensional Stokes flow near a corner in a right
angle wedge and Moffatt’s eddies.Mechanics Research Communications, 1995;
22 (1): 9-14.
[32] T. S. Krasnopolskaya, V. V. Meleshko, G. W. M. Peters and H. E. H. Meijer.
Steady Stokes flow in an annular cavity. Quarterly Journal of Mechanics and
Applied Mathematics, 1996; 49 (4): 593-619.
[33] M. Lesieur. Turbulence in Fluids. Springer, Netherlands, Fourth Edition,
2001.
[34] N. Liron and J. R. Blake. Existence of viscous eddies near boundaries. Journal
of Fluid Mechanics, 1981; 107: 109-129.
[35] D. Lohse and K.-Q. Xia. Small-scale properties of turbulent Rayleigh–Be´nard
convection. Annual Review of Fluid Mechanics, 2010; 42: 335-364.
[36] T. Ma and S. Wang. Geometric theory of incompressible flows with appli-
cations to fluid dynamics. Mathematical Surveys and Monographs, Vol-119,
American Mathematical Society, Rhode Island, USA, 2005.
[37] C. P. Malhotra, P. D. Weidman and A. M. J. Davis. Nested toroidal vortices
between concentric cones. Journal of Fluid Mechanics, 2005; 522: 117-139.
[38] V. S. Malyuga. Viscous eddies in a circular cone. Journal of Fluid Mechanics,
2005; 522: 101-116.
[39] R. McLachlan. A steady separated viscous corner flow. Journal of Fluid Me-
chanics, 1991; 231: 1-34.
[40] P. K. Mishra, A. K. De, M. K. Verma and V. Eswaran. Dynamics of reorienta-
tions and reversals of large-scale flow in Rayleigh–Be´nard convection. Journal
of Fluid Mechanics, 2011; 668: 480-499.
[41] P. K. Mishra and M. K. Verma. Energy spectra and fluxes for Rayleigh–
Be´nard convection. Physical Review E, 2010; 81: 056316.
[42] H. K. Moffatt. Viscous and resistive eddies near a sharp corner. Journal of
Fluid Mechanics, 1964; 18: 1-18.
[43] H. K. Moffatt. Viscous eddies near a sharp corner. Archiwum Mechaniki
Stosowanej, 1964; 2: 365-372.
[44] H. K. Moffatt. The asymptotic behaviour of solutions of the Navier-Stokes
equations near sharp corners. Lecture Notes in Mathematics, Springer, 1979;
771: 371-380.
[45] H. K. Moffatt and B. R. Duffy. Local similarity solutions and their limitations.
Journal of Fluid Mechanics, 1980; 96(2): 299-313.
20 Jiten C. Kalita, Sougata Biswas and Swapnendu Panda
[46] Z. Neufeld and E. H-Garc´la. Chemical and Biological Processes in Fluid Flows:
A Dynamical Systems Approach. Imperial College Press, 2010.
[47] A. V. Obabko and K. W. Cassel. Navier-Stokes solutions of unsteady separa-
tion induced by a vortex. Journal of Fluid Mechanics, 2002; 465: 99-130.
[48] M. E. O’Neill. On angles of separation in Stokes flows. Journal of Fluid Me-
chanics, 1983; 133: 427-442.
[49] T. C. Papanastasiou, G. C. Georgiou and A. N. Alexandrou. Viscous Fluid
Flow. CRC Press, Boca Raton London New York Washington, D.C., 2000.
[50] L. Perko. Differential equations and dynamical systems. Springer, New York,
Third Edition, 2001.
[51] S. B. Pope. Turbulent Flows. Cambridge University Press, 2000.
[52] C. Pozrikidis. Creeping flow in two-dimensional channels. Journal of Fluid
Mechanics, 1987; 180: 495-514.
[53] R. L. Ricca. An Introduction to the Geometry and Topology of Fluid Flows.
Springer, New York, 2001.
[54] W. Rudin. Principles of Mathematical Analysis. McGRAW-HILL, New York,
Third Edition, 1976.
[55] M. Sahin and R. G. Owens. A novel fully implicit finite volume method ap-
plied to the lid-driven cavity problem–Part I: High Reynolds number flow
calculations. International Journal for Numerical Methods in Fluids, 2003;
42: 57-77.
[56] P. N. Shankar. Moffatt eddies in the cone. Journal of Fluid Mechanics, 2005;
539: 113-135.
[57] P. N. Shankar and M. D. Deshpande. Fluid mechanics in the driven cavity.
Annual Review of Fluid Mechanics, 2000; 32: 93-136.
[58] P. N. Shankar. The eddy structure in Stokes flow in a cavity. Journal of Fluid
Mechanics, 1993; 250: 371-383.
[59] V. Shtern. Moffatt eddies at an interface. Theoretical and Computational Fluid
Dynamics, 2014; 28: 651-656.
[60] R. G. Sousa, R. J. Poole, A. M. Afonso, F. T. Pinho, P. J. Oliveira, A. Morozov
and M. A. Alves. Lid-driven cavity flow of viscoelastic liquids. Journal of Non-
Newtonian Fluid Mechanics, 2016; 234: 129-138.
[61] S. Taneda. Visualization of separating Stokes flows. Journal of the Physical
Society of Japan, 1979; 46(6): 1935-1942.
[62] J. J. Tyson and S. H. Strogatz. The differential geometry of scroll
waves.International Journal of Bifurcation and Chaos, 1991; 4: 723-744.
[63] P. Walstra. Physical Chemistry of Foods. Marcel Dekker, Inc., New York,
2003; pp. 436-437.
[64] F. M. White. Fluid Mechanics. Mcgraw-Hill, New York, 2003.
[65] J.-Z. Wu, H.-Y. Ma and M.-D. Zhou, Vortical flows, Springer-Verlag, Berlin,
Heidelberg, 2015.
Moffatt vortices: Concerns and Finiteness 21
Jiten C. Kalita
Department of Mathematics
Indian Institute of Technology Guwahati
PIN 781039, INDIA
e-mail: jiten@iitg.ernet.in
Sougata Biswas
Department of Mathematics
Indian Institute of Technology Guwahati
PIN 781039, INDIA
e-mail: b.sougata@iitg.ernet.in
Swapnendu Panda
Department of Mathematics
Indian Institute of Technology Guwahati
PIN 781039, INDIA
e-mail: p.swapnendu@iitg.ernet.in
